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Formal theories and methods

based on...
e Discrete mathematics
 Set- and Order Theory

for...
e Structuring and assigning problems / test items, skills /

competences as well as learning objects / ressources

to enable ...
 Adaptive knowledge and competence assessment

* Personalized competence development
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Top-down, theory-driven, deductive
!
(Competence-based) Knowledge Space Theory
Knowledge Space Theory

Inductive Item Tree Analysis

Formal Concept Analysis

:

Bottom-up, data-driven, inductive
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KST - Theoretical Foundations

Knowledge Space Theory (KST)
* Knowledge Domain Q consisting of a set of problems / items
Prerequisite Relation < betweenitems: < S Q X Q

1< | a C
a | X[ X | X
b X | X
C X
d X

* reflexive ©)
* antisymmetric

* transitive Q @
()

(Doignon & Falmagne, 1985, 1999)
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Knowledge Space Theory (KST)
* Knowledge Space is a pair (Q,X)

* L QEX

e Zisclosed under union

KST - Theoretical Foundations

{a,b,c,d}

{a,b,d}

T —
{3,b} {a,d}

\/
{a}

|

U
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Prodlem o : Compate the set of ail draisors of 77 Problem o : Compate the set of common divisors of 173 and 258

Dy Melpd]: @ 11w 1-Tw1-1 Co  Method): @ Dy o= {1,2 4,43, 86 172)
{I:I':I Lz M{]. i, 11, ll]. [ags = {]IEI]IEI i3 G 129 .d-r.ﬂ‘l]
Dy, Method: { 17 =711 @ Dim 0D = {1,243, 6]

(H) Divisors: 1, 7,10, 77.8ms O = {1, 7, 1L, 77] . o, Methed > ) GOD[172, 258) =86

E DimnDass s Daa ow 1,2, 438, B6].
Prodiem & Comgpanie the ser of ol divisors off 230

Dy Method]: ({ 230 = 12930 = 2118 = & 46 = 10 %3 Probiem ¢ © Compmie fee greaiens oommon dialeor of 278 amd 05T

® Dam {1,385, 10,33 4, 18, Z0}. Gp  Method I ()  Dam 0 Dass = {1, 5 11, 53]
Dp Meod2 () 230 -2-5-23 @ GCD[2F5, 385 = max{ Dypa Dass ) = &8,
(d) Dmisors: 1, 2, &, 23, 10, 48, 115, 230; G Method > {{) UTh = B-8-11; 3A e K710
'h‘.-':_h’_‘ - {].2.-’]. ]r-ll 2.1. 1&. ]JFJ. .El'.l] - {n] -I.:i-I.UI.dI'J,'!.E-I-'J: we B T e BE_
Pl = > Comgie dor prissy focioripsion of 171 Probiem | : Compuie the least common multiple of 375 and 383,
P Method: 213 = 391 = 3-7-13 Ly Method]: [ 205 = 5-5-11; 38 = 5-7-11

(@) LOM{275 388 = &-5-7- 11 = 1925,

Ly  Mebhod 3 ) QOD[275, 385)
@) LOM{a7s a8s)

(Korossy, 1999)
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(Cb)KST : Theoretical Foundations

P £ B{K) o)
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Imterpeesanion of the probiows
d e f

P E B! td t i FiRfe

P & € B(K) =

L 1 4 {a, c, ab, abd, acde,
Y : “ abde, ce, cef, abdef}
|II‘.-II||‘.-Il|| 1 :'i 1 -'J-I"'

LA, L f i T

|II‘.-II||‘.-I|" I".l:- 1 1 1 :‘i -'J-I"'l'J

‘.-Ill ‘-‘Ill I"Iu. 1 1 :'i EH

L, L e ; } i f i ke
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Ly e Ui i i i i 4 i1 el 2

J.-'l, Helinlin i i i 4 (adds |

Py . 2 [=]
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{a,b,c,d,e,f}

P N

{a,b,d,e,f} {a,b,cd,e} {a,b,ce,f} {a,cd,e,f}

[ o >

{a,b,d,e} {ab,cd} {ab,ce}{acde} {acef}

VAV AW d

{a,b,d} {a,b,c} {a,ce} {c,e,f}

\/\/\/

{alb} {a,C} {C,e}
\/\/
{a} {c}

\/
U
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1.) bij — values

bij : ,Violations” (Counterexamples) of
jei(oric<ij)

bij a b C d e f

R ol 111111111 bij :=1{d € DId(j) =1 Ad(i) =0} I

b 9 O |10 | 1 3 3 . . . :
2.) Stepwise inclusion of item-pairs

I c 11210111171 with low bij — values to < - i.e. the

d 17| 9 (17| 0 | 5 | 4 Quasiorder (M, <)

e 12| 8 10| O 0 1
3.) Calculating reproducibility

f 14 | 8 (14| 1 3 0 . . :
coefficient at each step —i.e. for

each Quaisorder (M, <L)

(Schrepp, 2003, 2006)



ITA : Application
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bij a b C d e f f g
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b 9 O [10 | 1 3 3 a—¢C
b—c
C 1 2 0 1 1 1 b o
d 17| 9 (17| 0| 5 | 4 d—c
e —C
e 12| 8 |10} O 0 1
f—)C a,C
f 14| 8 | 14 | 1 3 0 d_ e
f—e

d—f



EA'S BOX

= Learning Analytics
Toolbox

IITA : Theoretical Foundations

{a, b, c,d,e,f}

T

{a, b, c, e} {a, c, e f}

]

{a, b, c} {a, c, e}

\/

{a, c}

{1
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* Set of Objects G
* Set of Attributes M
* Binary Relation |l c G X M

geGandmeM
g | m :=object g has attribute m

* Formal Context K is a set structure K := (G, M, |)

(Wille 1982, 2005)
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Definition of the formal context

DX o X T X v X T R Py XIS X Iy X

2 = s
3 = = E .
ol |E| |5 (2 |2 |5 2] |2
= (8| |8 [&]| |a]| |E| [E] |
el = W el |=| |2 |& & o
= = o o il a E
E & m| = [B] |2 r ]
S| [al [E] [=| [T [E| [&
w| || @ |= =
= a
X B B
Bumble-bee M M &
% N e
Bee H & &
& _ _ I
Tree frog ) &
X _ .
Goldfish (% A
X .
Root vole (=]
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A € G and B € M, the following derivation operators
need to be defined:

A A :={me MIlglmforall g € A}, which is the set
of common attributes of the objects in A, and

B— B :={geGlglmforall m € B}, which is the set
of objects which have all attributes of Bin common.
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A formal concept is a pair (A, B) with the subsets A G
and B < M which fulfill

A’=Band B = A.
A = “extension”, B = “intension”

&(K) = Concept Lattice
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Concept Lattice
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“Reading” the Concept Lattice

//Intension e —>

| ____/'
=) o a
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Applying the FCA: Learner Modelling
Definition of the “knowledge context”

FCA : Learner Modelling

(Rusch & Wille, 1996)

(T3]

[

% 0110203040506 |07 08|09 10|11 | 1213 | 14| 15|16 17| 18|19 |20]|21 |22 |23

Problem &

a X | X | X | X]| X ]| X X | X X[ X[ XX | X[ X]|X| X | X]|X]|X|X]|X
b X | X | X ]| X X X X | X X | X X X | X
C X | X | X X | X XXX | X[ X[ X]|X| X[ X]|X]|X|X]|X]|X|X]|X
d X X X X X
= X | X | X X X X | X | X X X
f X [ X | X X X X X X

(data from Korossy, 1999)
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FCA : Learner Modelling

{a,b,c,d,e,f}

a,b,c,d,e} {a,c,d,ef} {ab,c,e,f}

Y
le} {b} {ft {a} {c}

W

{}
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17
03 {a,b,c,d,e,f}
02
&/ o2
— - a,b,c,d,e} {a,c,d,e,f} {ab,ce,f}
1 13 15 [ W\
20
:Jg 22 {b’d’e’f} {a,b,c,e} {a;C;e;f} {a,b,C,f}
19 N P 7AN
18 —
16
08 a,b,c
_ 5 (ab,c)
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18
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problem(s)?
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05

Are there surmise /
prerequisite -
relations between
problems?

17
03

01

12
11

23
13

15

21
20
14
0%

FCA : Learner Modelling

04

10

]

22
19
18
16
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06
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Comparing (sets) of
students...

05
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03

01

12
11

23
13

21
20
14
09

FCA : Learner Modelling

22
19
18
16

06
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16
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Visualizing learning progress on a classroom-level...
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{a,b,c,d,e,f} {a,b,c,d,e,f}

} b’ ’ d} ’ - /\
;e\} {abdeft {ab.cde} {fab,ceft {acdef}
{a, b, c, e} {a, c, e, f} L ’ : i 1

N {a,b,d,e} {ab,cd} {ab,ce}l{acde} {ace,f}
{a, b, c} {a, c, e} \/\/W

\/ {arbrd} {afbic} {aﬁcle} {C,e,f}
{a o} NN

a,b,c,de} {a,cdef} {ab,cef}

{a,b} {a,c} {c,e}
\/\/ =]
{} {a} {c} {e} {b} {f} {a} {c}
\/ W
{} {}

IITA KST FCA
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 FCA enables to answer a broad set of pedagogically relevant
guestions

* Vulnerability and lack of robustness due to careless errors
and lucky quesses

 Exploiting and combining strengths of different methods:
» |ITA for establishing initial knowledge space,
e KST for knowledge assessment,
 FCA for visualizing students performances

 Simplified FCA visualizations without loss of information

* Extending with skills / competences and learning objects /
resources
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